The so called quantized algebras of functions on affine Hecke algebras of type A and the corresponding q-Schur algebras are defined and their irreducible unitarizable representations are classified.
Introduction
The algebras of functions on groups define the structure of the groups themselves: the algebras of continuous functions on topological groups define the structure of the topological groups. This essentially is the so called Pontryagin duality for Abelian locally compact groups and the Tannaka-Krein duality theory for compact groups. The smooth functions on Lie groups define the structure of Lie groups. It is the essential fact that in this case we can produce the harmonique analysis on genral Lie groups. The quantized algebras of functions on quantum groups defined the structure of quantum groups etc. In the same sense we define quantized algebras of functions which define the structure of quantum affine Hecke algebras. Let us discuss a little bites in more detail. Let us denote by g a Lie algebra over the field of complex numbers, U(g) its universal eveloping algebra, λ ∈ P * a positive highest weight, V v (λ) the associated representation of type I, i.e. with a positive defined Hermite form (., .) and (xv 1 , v 2 ) = (v 1 .x * v 2 ), ∀v 1 , v 2 ∈ V v (λ), of the quantized universal enveloping algebra U v (g). Let {v Soibelman [KS] that indeed it is equipped with a structure of an Hopf algebra, the so called the quantized algebra of functions on the quantum group corresponding to G. It was shown also that this algebra is generalized by the matrix coefficients of the standard representation of G in the case G = SL 2 , i.e. the algebra of functions on quantum group SL 2 is generalized by the matrix coefficients t 11 , t 12 , t 21 From this presentation of the algebra, L. Korogodski and Y. Soibelman [KS] obtained the description of all the irreducible (infinite-dimensional) unitarizable representations of the quantized algebra of functions F v (G) : For the particular case of F v (SL 2 (C)), its complete list of irreducible unitarizable representations consists of:
• One dimensional representations τ t , t ∈ S 1 ⊂ C, defined by τ t (t 11 ) = t, τ t (t 22 ) = t −1 , τ t (t 12 ) = 0, τ (t 21 ) = 0.
•
For the general case of F v (G) , consider the algebra homomorphism F v (G) → F v (SL 2 (C)), dual to the canonical inclusion SL 2 (C) ֒→ G C . Then every irreducible unitarizable representation of the quantized algebra of functions F v (G) is equivalent to one of the representations from the list:
• The representations
..s i k is the reduced decomposition of the element w into a product of reflections, where the representations π s i is the composition of the homomorphisms
The purpose of this paper is to obtain the same kind results for the quantized algebras of functions on affine Hecke algebras and quantum Schur-Weyl algebras.
[Remark that it should be more reasonable to name them as the quantized algebras of functions on quantum affine Weyl groups, but the "non-affine counterpart" -the quantum Weyl group terminology was reserved by L. Korogodski and Y. Soibelman for some objects of different kind -the algebras generated not only by the quantized reflections but also the quantized universal algebra.] We start from the following fundamental remarks:
• The affine Hecke algebras H(v, W r af f ) and the v-Schur algebras S n,r (v) are in a complete Schur-Weyl duality. It is therefore easy to conclude that the corresponding quantized algebras of functions, what we are going to define are also in a complete Schur-Weyl duality.
• The negative universal enveloping algebras
) and there is a natural map Θ from the last onto the v-Schur algebra S n,r (v) . From this we then have some maps between the quantized algebras of functions
The irreducible representations of F (S n,r (v)) could be found in the set of restrictions of irreducible untarizable representations of the quantized algebras C[SL r ] q , 0 < q < 1, of functions on the quantum group of type SL r .
• For complex algebraic groups G the irreducible unitarizable C [G] q -modules are completely described [KS] for 0 < q < 1.
Our main result describes the complete set of irreducible unitarizable F (H(v, W r aff ))-modules and F v (S(n, d))-modules, Theorems 2.3, 2.4, 3.1, 3.2.
Let us describe the paper in more detail: Section 1 is a short introduction to the related subjects and we define the quantized algebras of functions
. In §2 we give a full description of all irreducible unitarizable representations of F v (W r aff ). In §3 we do the same for the v-Schur algebras F (S n,r (v)).
NOTATION. Let us fix some conventions of notation. Denote F a ground local field of characteristic p, C the field of complex numbers, Z the ring of integers, SL r the special linear groups of matrices of sizes r × r with determinant 1, G an algebraic group, G = G(F ) the group of rational F -points, T some maximal torus in G, X * (T) the root lattice, X * (T) the co-root lattice, C [G] q the quantized algebra of complex-valued functions on quantum group associated to G, S n,r (q) the q-Schur algebra, S n,r (v) the v-Schur algebra, F (H(v, W r aff )) the quantized algebra of functions on affine Hecke algebra, F (S n,r (v)) the quantized algebra of functions on quantum v-Schur algebra.
Definition of the quantized algebras of functions
We introduce in this section the main objects -the quantized algebras F v (W r aff ) of functions on affine Hecke algebras. As remarked in the introduction, it should be better to name the quantized algebras of functions on quantum affine Weyl groups, but we prefer in this paper this terminology in order to avoid any confusion with the terminology from L. Korogodski and Y. Soibelman [KS] .
1.1
p-adic presentation
Let us first recall the definition of Iwahori-Hecke algebras. Let F be a p-adic field, i.e. a finite extension of Q q , which is by definition the completion with respect to the ultra-metric norm of the rational field of the ring
; x ∈ O × } the maximal torus, and N = { 1 y 0 1 ; y ∈ O} the unipotent radical of G.
It is easy to check that B = T N. Define the so called Iwahori-Hecke subgroup
where ̟ is the generic presentative in the presentation of the principal ideal P = ̟O. Let us denote µ(x) the Haar measure on the locally compact group G = SL 2 (F ), µ(I) = vol(I) the volume of I with respect to this Haar measure, χ I the characteristic function of the set I, e I := 1 µ(I) χ I the idempotent, e 2 I = e I = e I , defining a projector. The Iwahori-Hecke algebra IH(G, I) is defined as
is the involutive algebra of smooth (i.e. locally constant) functions on SL 2 (F ) with compact support, with the well-known convolution product
and involution as usually. Recall that the affine Weyl group W 
or the standard braid relations
The group W 1 aff is discrete and infinite, and every element of W 1 af f can be presented as a reduced word in w 1 and w 2 , namely w = w i 1 . . . w i k . The group G can be presented as the union of the double coset classes G = I.W 1 aff .I. Let us denote f w the characteristic function of the coset class IwI, w ∈ W aff . If w = w i 1 . . . w i k is a reduced presentation of w ∈ W 1 aff then f w i 1 * · · · * f w i k is independent of the reduced presentation of w and f w = f w i 1 * · · · * f w i k . Let us denote f i = f w i , i = 1, 2. We have therefore a correspondence
Let us do a change of variable v := 1 √ q then we have
This is the so called Coxeter presentation of the Iwahori-Hecke algebra in SL 2 case. For rank r groups of type A, i.e. SL r we have the same picture, see for example [CG] . Let us consider also the Hecke algebra H(G) = C ∞ c (G), of smooth (i.e. locally constant) functions on G with compact support, under convolution product and involution. Corresponding to the map of rings
we have the maps of the groups of rational points
The preimage in G(O) of the Borel subgroup B(F q ) is called the Iwahori subgroup. It was shown that G = G(F ) = I.W r aff .I. The Iwahori-Hecke algebra IH(G, I) is defined as the algebra of smooth I-bi-invariant functions with compact support on G(F ) under convolution and involution as a sub-algebra of the Hecke algebra (G) . Denote by f s i the characteristic function of the double coset class I.s i .I in G = ∪ w∈W r aff I.w.I, and normalize as in the rank one case we also obtain the relations 
Let us go to the Bernstein presentation of affine Hecke algebras as some abstract algebras presented by generators with relations.
Definition 1.2 An affine Hecke algebra in Bernstein presentation is an C[v, v
−1 ]-algebra with generators T ± i , i = 1, . . . r − 1, and X ± j , j = 1, . . . , r, subject to the relations:
In this definition we denoted T i in place of T + i , X i in place of X + i , etc.... we keep this agreements in the future use.
The isomorphism between two definitions can be established as follows. Associate 
which is evaluable at q ∈ C × and such that the basis elements evaluated at q remain linearly independent over C for all q ∈ C × . Let (., .) be the bilinear form on the
are either 0 or simple. The Young diagram is called ℓ-regular iff it has at most ℓ − 1 rows of equal length. The module D µ is nonzero if and only if µ is ℓ-regular. We refer the reader to the original work of Dipper and James [DJ] for a detailed exposition.
The Langlands correspondence
Recall that a representation of p-adic group G is called smooth if the stabilizer of any vector is an open-closed subgroup in G. Let us denoteṼ the contragradient representation of V , Let ρ : G = G(F ) → End V be an admissible (i.e. smooth andṼ = V ) representation of G. One of the most important properties of admissible representations of p-adic groups is the fact that the space V I of I-invariant vectors in an admissible representation V , is finite dimensional. For every element f from the Iwahori-Hecke algebra IH(G, I) ∼ = C ∞ c (I \ G/I) we associate an operator in finite dimensional vector space V I ,
It is not hard to see that this correspondence gives us a representation of the Iwahori-Hecke algebra IH (G, I) in the finite dimensional space V I . It was proven that the correspondence V → V I provides a functor from, and is indeed an equivalence between the category of admissible representations of G generated by Ifixed vectors and the category of finite dimensional representations of the IwahoriHecke algebra IH(G, I) ∼ = H(v, W r aff )| v=q . This result was essential proven by A.
Borel, P. Kutzko end Bernstein in rank one case and by Harris-Taylor [HT] and Henniart [H] in the general (rank r) case. We refer the readers to [HT] and [H] for more detailed exposition of the local Langlands Correspondence.
1.3
We can define now our main objects -the quantized algebras of functions on quantum affine Hecke algebras.
Quantized algebras of functions
Let us consider the product of matrix coefficients, associated with the product of elements of the affine Hecke algebra, of finite dimensional representations, see [L] . With respect to this product we have some non-commutative algebras. 
Definition 1.3 The quantized algebra F (H(v, W

Irreducible representations
The main subject of this section is to describe all (up to unitary equivalence) inequivalent unitarizable representations of the quantized algebras of functions on affine Hecke algebras. We describe first in the rank 1 case and then use the projection F (H(v, W r aff )) ։ F (H(v, W 1 aff )) to maintain the general case.
Rank 1 case Lemma The quantized algebra
is generated by the restrictions t 11 | W f ⋉X * (T )) and t 12 | W f ⋉X * (T )) with some defining relations.
PROOF. It was proven in L. Korogodski and Y. Soibelman [KS] that in every finite-dimensional representation of F [SL 2 (C)] q , there exists an action of quantum Weyl elementsw. For the groups of type A 1 , the root and coroot lattices are isomorphic X * (T) ∼ = X * (T). We can therefore see
as some subgroups of SL 2 (C). Therefore we have the restrictions of the representations from the list of irreducible representations of SL 2 (C). and D = ̟ 0 0 ̟ . In the representation described in [KS] , they are defined by two matrix elements t 11 and t 12 , restricted to our affine Weyl group.
Lemma 2.2 Every irreducible unitarizable representation of
F v (W f ⋉ X * (T )) can
be obtained by restricting some irreducible unitarizable representations of
there is the well-known Frobenius duality
The irreducible ones can be therefore obtained from the list of irreducible unitarizable reprenatations π w,t of F v (SL 2 (C)).
Let us denote the restrictions of representations of 1. The representations τ t , t ∈ S 1 , defined by
PROOF. It is directly deduced from Lemmas 2.1, 2.2 and the following fact. Let us now recall that L. Korogodski and Y. Soibelman [KS] obtained the description of all the irreducible (infinite-dimensional) unitarizable representations of the quantized algebra of functions F v (G): For the particular case of F v (SL 2 (C)), its complete list of irreducible unitarizable representations consists of:
Rank r case
Let us consider the representations which are the composition of the homomorphisms The representations π w,t = π
PROOF. For the general case of F v (G) , consider the algebra homomorphism
, dual to the canonical inclusion SL 2 (C) ֒→ G C . Then every irreducible unitarizable representation of the quantized algebra of functions F v (G) is equivalent to one of the representations from the list:
• The representations τ t , t = exp(2π
Schur-Weyl duality
The Schur-Weyl duality is well-known for finite-dimensional representations of quantum affine Hecke algebras and quantum v-Schur algebras. For (possibly infinite dimensional) representations of the quantized algebras of functions on them we also have this kind of duality. We use it then to describe (possibly infinitedimensional) representations of q-Schur algebras. The main idea is to use the maps
We recall first the definition of the affine v-Schur algebras. Let s ∈ N be an nonnegative integer, and r ∈ N * = N \ {0} a positive integer. Denote . . , i r ).s j := (i 1 , . . . , i j+1 , i j , . . . , ir), 1 ≤ j < r,
For an element i ∈ A n r , denote the stabilizer as S i . Let us consider the projector e i := δ∈S i T δ . Define the affine v-Schur algebra as
It was proven that
It was proven that this affine v-Schur algebra S n,r (v) is a quotient of the modified quantum groupU − v (ĝl n ).
v-Schur duality
One defines
T n,r := i∈A n r e i H(v, W r aff ).
Define T σ := δ∈σ T δ , for each coset class σ ∈ S i \Ŝ r , then {T σ } form a basis of T(n, r). The algebra H(v, W r aff ) acts on T(n, r) by multiplication on the right and the algebra S n,r (v) acts on T(n, r) on the left by multiplication
The Schur-Weyl duality for finite dimensional representations is as follows.
Remark that a geometric realization of this Schur-Weyl duality is an important subject in the Deligne-Langlands interplay and was highly developed, see e.g. [CG] . 
PROOF. It is enough to recall that the quantum algebras of functions are consisting of matrix coefficients of all finite dimensional representations of the affine Hecke algebras and affine v-Schur algebras respectively.
3.2.1 Restriction maps
Let us first recall [L] the definition of the so called modified universal enveloping algebrasU (g). Denote as before X * (T ) the weight lattice, X * (T ) the co-weight lattice. For each
and the natural projection
By definition the modified universal enveloping algebraU (g) is the direct suṁ
The v-Schur algebras can be considered as some quotient of the modified quantized universal enveloping algebrasU v (g) which is different from U(g) replacing U 0 (g) = C by the direct sum of infinite number of copies of C, one for each element of the weight lattice X * (T ), see G. Lusztig ([L] , chapters. 23, 29). It was shown that the category of highest weight finite dimensional representations with weight decomposition of U(g) is equivalent to the category of highest weight representations ofU (g), but the algebras U(g) admit also the representations without weight decomposition.
Recall from the work of Schiffmann. The main idea is related with the maps U n (ŝl r ) ։ U − n (ŝl r ) U − n (ŝl r ) ⊗ A R ։ S n,r (v)
Description of irreducible representations
Theorem 3.2 The restrictions of irreducible unitarizable F v (U n (ŝl r )) modules to F v (S n,r (v)) give a complete list of irreducible unitarizable F v (S n,r (v)) modules.
PROOF. The proof combines Lemmas 2.1, 2.2 and the following fact. In the particular case of S 2,d (v) Doty and Giaquinto [DG] have a more presice description:
The v-Schur-Weyl algebra is just the image of the quantized universal eveloping algebra U v (sl 2 ) in the d-tensor product power of the standard 2-dimensional representation. It is isomorphic to the algebra generated by elements E, F, K and K −1 subject to the relations:
We use again the map 
